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I. INTRODUCTION 

The study of theories of gravity in two spacetime dimensions can provide insight into 
issues in semiclassical and quantum gravity, as these theories are mathematically much 
simpler than (3 + 1) dimensional general relativity ]l]-0. Recently two such theories, that of 
|Jl|J^, referred to as the "R=T" theory, and the string- inspired theory of P,p, have attracted 
some interest, due primarily to the fact that their field equations admit black hole solutions, 
making them an interesting arena for the study of quantum gravitational effects. 

The latter theory of gravity arises from a non-critical string theory in two dimensions. 
Setting to zero the one-loop beta function of the bosonic sigma model with two target 
spacetime dimensions gives the effective target space action 

-2<I> 



S = J d^xe-^'y^iR-AiV^y + c). (1) 

The resultant field equations give rise to a black hole solution asymmetric about the origin, 

ds^ = -(1 - ae-^ndt' + ^-^, (2) 

with the dilaton field 

$ = -|x, (3) 

where Q^ = c. We have argued |^ that from a gravitational point of view, the asymmetry 
of (|^) about the origin is somewhat objectionable, as it is difficult to see how such a solution 
could arise from gravitational collapse of clumped matter (for an alternative viewpoint see 

i)- 

Matter terms may be incorporated into the action as follows 

S = I d'xV^ {e-2*(i? - A{V^Y + J) + Cm}, (4) 

where Cm is a matter Lagrangian, and J is a source term for the dilaton field. The above 
action is a general combination of two approaches PJTI1[] to coupling matter to the string- 
inspired action studied in f^J^. From (Q) the field equations are 

e-'^iR,, + 2V^V,$) = SvrGT^,, (5) 



i?-4(V<l>)2 + 4V^<l> + J = 0. (6) 

The stress-energy tensor T^iy introduced by this procedure may be regarded as modelhng 
some unknown higher-order effects in the string theory. It may also be shown that the 
action (^ is equivalent to that of a massive scalar field ip = e~* non-minimally coupled 
to curvature ||^, which allows a less ambiguous interpretation of the matter term. If an 
appropriate point source of matter at the origin is introduced, the solution of (§,|]) is a 
symmetric version of the above black hole solution, that is (0,0) with x replaced by |x|. We 
have shown that this solution will result from a collapsing dust if we include appropriate 
surface stresses and dilaton charges P]. The latter may be generated by the source J for 
this dilaton charge; in the dilaton vacuum J = c. The properties of this black hole solution 
have been studied in detail in refs. [§|,|lll; they are broadly similar to those found before for 
the black hole solution of the R=T theory, although there are significant differences. 

We regard the theory described by the action (^) as an interesting theory of two- 
dimensional gravitation in its own right. The purpose of the present paper is to explore 
the dynamical properties of this theory in more detail, comparing them to the similar treat- 
ment of the R=T theory in ref . . We find that the theory has a sensible post-Newtonian 
expansion. Consideration of the weak field limit shows that there will be gravitational ra- 
diation, as the trace of the perturbation of the metric obeys a field equation with source 
terms from the stress-energy and the dilaton source J. The equation for stellar equilibrium 
in this system is obtained. Finally, we consider the cosmological solutions of the field equa- 
tions, and find that while a dust-filled universe will eventually collapse, the radiation-filled 
universe cannot collapse at any time. We summarize our results and discuss further areas 
of interest in a concluding section. 

II. POST-NEWTONIAN CALCULATIONS 

We wish to demonstrate that this theory has a sensible Newtonian and post-Newtonian 
limit. We see that in the first approximation Newton's theory holds, and the higher-order 
terms are qualitatively similar to those found before for the R=T theory 0. 

We consider a system of particles experiencing mutual gravitational attraction, and let 



M, r and v be typical values of their masses, separations and speeds. Comparison with 
Newton's theory of gravity in one spatial dimension yields the Newtonian potential 

i = 2TTGM\xl (7) 

where a constant of integration has been ignored. If we consider a test particle falling into 
this potential from |x| = f initially at rest, its maximum speed will be 

t;2 ~ GMf, (8) 

which gives an approximate relation between M, f and v for a system of particles. The New- 
tonian approximation gives the first-order terms in the small parameter -u^, so the objective 
of the post-Newtonian approximation is to supply the higher order terms in the expansion 
of physical quantities. 

We expect the metric to be approximately Minkowskian where gravity is weak, but we 
do not assume that it has any particular form. The expansion of the metric is 

^00 = -1 + loo + loo + ■ ■ ■ 5 (9) 

3 5 

^01 = ^01 + ^01 + ■■■5 (10) 

911 = 1+ loo + loo + loo + • • • ' (11) 

where g ^ denotes the term of order v^ in the expansion. We can then calculate the 
Christoffel symbols and thus the required components of the Ricci tensor. 
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^00 = -o'^i'^i^oo' (12) 



^00 = -o [^i-^iloo - o-^iloo^il^i - (9o(9oloo + Siloo^iloo], (13) 



^01 = -o-^i^i^oi' (14) 



2 1 2 
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TV 



^11 = -o^i«9i^n, (15) 



where R ^ denotes the term of order v^ jr^ in the expansion of -R^j,. We interpret T"*^, T°^ 
and T^^ as the energy density, momentum density and momentum fiux, which leads us to 
make the following expansions: 



Too = Too + Too + ■ ■ ■ , (16) 

Toi = T,i + Toi + ---^ (17) 

Tii=T,i + T,i + ---. (18) 

From our experience with the black hole solutions, we also expect 

$ = $ + $ + ..., (19) 

j = c+ J + }+■■■, (20) 

where $ is the dilaton field and J is the dilaton current. 

The field equations can be expanded in powers of our small parameter, giving us the 
forms 

N N {N-2) 

R,^ + 2{V,V.<^) = SnG T ^^, (21) 

N N N N 

/? - 4[(V<I>)2] + 4(V2<I>) + J = 0, (22) 

where N is the order in v'^/f. For the Newtonian approximation, we only need to determine 
g 00? so we will only need the /i = 0, z/ = component of (|2TD to order N = 2. For the post- 
Newtonian expansion, we will need the 00 component of (^) to order 4, the 01 component 
to order 3, and the 11 component to order 2, as well as (p2D to order 2. 

First, we compute the Newtonian approximation. The 00 component of ( ^I]) to order 2 
gives 

9i9Joo = -16vrGToo, (23) 

2 

which has solution g qq = —4^, where 

C{x, t) = 27tG I rfx'Too(x', t) \x-x'\ (24) 



2 



is the Newtonian potential. Note that this differs from the result 5' go ~ ~^^ °^ ^^ ^ 
factor of two. 



We now compute the post-Newtonian terms, g ^-^, g q^, g qq and $. The 11 component 
of (^1]) to order 2 gives 

aiaj,, = Ad^d^l, (25) 

2 2 

which has solution g -^^^ = 4$. If we now consider the dilaton equation (^) to order 2 we 
get 



1„„2 1„„2 .„„2 2 



^1^1^00 - o^i^i^ii + 49i9i<l> + J = 0, (26) 



and substituting g -^-^ = 4<l> gives 

^i^iln = -didig,^ -J = 4e" - J, (27) 

2 2 

SO the solution is g ^^ = 4/3, and thus $ = /3, where /5 is a new field defined by 

(3{x,t)=Jdx'\x-x'\{^C-lj)- (28) 

2 

Note in particular that if J = 0, /3 = ^. 

We now take the 01 component of (pID to order 3 to determine g g-^. This gives 

^i^Joi = -levrGTo, + 49i9ol = -IGnGT^^ + 490^1/?, (29) 

3 

which gives g q^ = ''7, where 77 is a new field defined by 

r]{x,t)= [ dx'\x - x'\{-8nGT^^{x',t) + 2/3'). (30) 



Finally, we compute g qq from the 00 component of ([2T|) to order 4, substituting for g ^-^ 



2 
and $ from above: 
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ai^i^oo = -levrGToo + 4(/3 - - 16^'^ (31) 



which gives g qq = V', if we define the new field ip by 

^ = j dx\x - x\{2(l3 - - 8^'^ - S-kGTJ. (32) 

It is also perhaps worth noting that 



2 

,9V 



P - ^ = --^ I dx'\x - x'\^-j, (33) 



dt^ 



2 

which will vanish if J is linear in time. 



This completes the calculation of the post-Newtonian approximation. It should also be 
noted that because this is a truncated series in powers of the distance r, it will be a better 
approximation near the system, even though we expect the spacetime to be asymptotically 
flat for constant J and T^i, = |^ . The main relevance of this calculation is that it shows 
that one can carry out an expansion in this theory about its Newtonian limit. Expansion at 
large distances {i.e. about the asymptotically flat solution) was considered in 0; we shall 
not pursue this issue any further here. 

III. WEAK FIELD APPROXIMATION 

We now turn to the weak-fleld approximation, and demonstrate the existence of grav- 
itational radiation in the linear flelds. We consider the metric to be a perturbation on a 
Minkowski background, 

gf,u = Vf^u + h^y. (34) 

If we write the fleld equation as the trace and traceless parts, the equations are 

i?(i) + 2V2<I> = SttGT, (35) 

2V^V,<I' - g^,W^^ = SnGiT^, - ^g^.T), (36) 

rW + 4v2$ + J = 0, (37) 

where R^^^ is the linear order Ricci scalar, and all the non-linear terms have been neglected. 
We can rewrite these equations as: 

i?(i) = IQ-kGT + J, (38) 

2V^V.$ = 87tG{T^, - g^,T) - ]^g^,.J. (39) 



Imposing the coordinate condition 

d^d^h^" = \d% (40) 

which was used in [^, ([38| ) becomes 

d'^h = -327iGT - 2 J, (41) 

which is a wave equation with source term in the trace h = h'^ oi the metric perturbation. 
Note that this differs from the analogous equation in [0 by the ubiquitous factor of two, 
and by the fact that the dilaton source may act as a source of gravitational radiation in the 
absence of matter. The particular integral solutions of this equation are given in terms of 
retarded and advanced potentials 

h{x, t) = ±167rG / dx' f dt' [J^(x', t'T\x-x'\)], (42) 

to which any solution of the corresponding homogeneous system ((0) with T = = J) may 
be added. Here jF(x,t) = T{x,t) + Y^^J{x,t). 

The concept of a gravitational wave in the vacuum is somewhat problematic, in part 
because the notion of a vacuum depends upon whether or not one considers the vacuum to 
be that region of spacetime for which T^^, = and J = or for which T^^, = and J = c. 

In the former case spacetime is flat outside of matter. Consider a system of oscillating 
matter which has an energy-momentum tensor trace and dilaton current representable as a 
Fourier integral or sum over frequencies u. A single Fourier component is 

jF(x, t) = jF(x, u) exp{—iut) + c.c, (43) 

and the retarded potential solution ( ^21) giving gravitational waves is then 

h{x, t) = 8ttG f dx' f dt' J^{x', lu) exp [-iuj{t' - |a; - a;'|)] + c.c. , (44) 

where "c.c." denotes the complex conjugate of the preceding term. If the source is finite, 
with maximum extension R = \x'\, and we are situated in a region of space outside of the 
source with r = |x| > -R, then the gravitational wave is a plane wave 

h = H exp{ik^x'^) + c.c, (45) 



with amplitude and wave vector 

^8TrGiuj-^J^{ki,uj); (46) 

ko = —uj] ki = LUX, (47) 

where the complete Fourier transform of the energy-momentum tensor trace is defined. Here 
we have used |a; — s'l = r — x'x with x = x/r. 

Here, as for the theory considered in p[ , it is the global nature of the gravitational wave 
which contains the non-trivial physics. Such waves are co-ordinate waves locally. Although 
on either side of the source one may choose a coordinate system which "travels with the 
wave" , outside of the source the wave is of the form 

h = H exp[-iw{t - \x\)], (48) 

and so such a coordinate transformation cannot be applied globally. An observer crossing 
the source will see a flip in the wave's direction of propagation. In this sense there is 
gravitational radiation in the weak field approximation. 

For the case T^^, = and J = c (the 'dilaton vacuum'), the full system of equations 
yields in general the unique solution (||,|D. The solution to (^l)) in this case is 

h = -^{x' - e) + fi{x-t) + h{x + t) (49) 

which is the weak field approximation to the exact solution 

a = ^-|(x2-t^) (50) 

of (|^J§) where sigma is the conformal factor for the metric ds^ = a{—dt'^ + dx'^). Here Mj ^ 
may be interpreted as the mass parameter of the black hole 0,H, as follows from a com- 
putation of the ADM mass. The solution (|50D is unique up to coordinate transformations, 
and may be transformed to the solution (H) under a suitable change of coordinates. For 
small Mj ^, the solution (^) is recovered. In this case we do not have wavelike solutions 
appearing, due to the presence of the constant dilaton source c. 

In both cases the other field equation (|39| ) will give three further constraints on the linear 
dilaton field $ and the components of the metric perturbation, thus completely determining 

9 



the solution. The energy and momentum carried by the wave cannot be computed without 
solving this system. We could attempt to construct a second-order weak-field system, but 
this is too complicated to be an enlightening exercise, so we shall not consider this problem 
any further. 

IV. STELLAR STRUCTURE 

We now consider the equations of fiuid equilibrium, which govern the existence of 'stars' 
(clumps of matter in one spatial dimension) in the theory. We use the static metric of the 
form 

ds^ = -B\x)df + dx^ (51) 

together with the field equations 

R + 2V^$ = STrGTe^*, (52) 



2V^V.<I> - g^,V^<^ = 87rG{T,,, - ^9^..T)e^'', (53) 



i?_4(V$)2 + 4V2$ + J = 0. (54) 

The metric gives 

R = -2-- and V^$ = $" + — $' (55) 



if the stress-energy is the perfect fiuid energy-momentum tensor. The field equation (|53D 
gives 

^" -?^^' = A'KG{p + p)e^^, (56) 

B 

where p is the pressure, p is the density, and ' = d/dx. Also, the field equations (^) and 
(0) give 

^" = A^G{p-p)e^^ + ^- + \^^ (57) 
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so we may obtain an expression for V^$. Substitution of this expression in 
equation quadratic in B" j B, whose roots are 



gives an 



B" 
~B^ 



2$ 



STrGpe^* + 



P 



yP + P, 



± 



P' 



yP + P, 



P 



,P+ P, 



+ 167rGpe"* + J 



1/2 



(58) 



We also have the equation of hydrostatic equihbrium, 



p' = {p + p) ln(-5foo 



'-^.„^V2- 



(59) 



which in our case reduces to 



B' 



p 



B P + p 

Thus the general equation for hydrostatic equilibrium in our system is 

B" p\2p' + p') 



(60) 



-/= {p + p)- 



B 



P + P 



where -^ is given by (|58|). Given an equation of state p = p{p), the solution of ( |6Tt 
p = p{r) and hence the metric. 

If we compare this to Newton's equation of stellar equilibrium 

-p" = 4rrGp'-^, 
P 

we see that in the Newtonian limit p ^ 0, J^O, $^0 (|58D reduces to 

R" 

— = 8nGp. 

Thus in this limit our equation (|6TD will only differ from the Newtonian equation 
factor of two multiplying G. 



(61) 
will give 



(62) 



(63) 

2D by a 



V. COSMOLOGY 



Consider the two-dimensional Robertson- Walker metric 



ds' 



dr + a\t)- 



(64) 



1 — kx"^ 

with the field equations (0,^,0). As previously noted in ref. 0, in two dimensions we 
do not have three different cosmological models corresponding to open, closed and fiat 
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spacetimes since the denominator in the second term in ( |64D can be absorbed into a definition 
of the spatial coordinate. 

If we assume the perfect fiuid stress-energy, (p2D and (^) become 

e-2*(-$ + -<i.) = -47rG(p + p), (65) 

a 

e"2* (2a - 2<i>d - 2<i>a) = 87rG(j9 - p)a. (66) 

If we now take the equation of state to be p = (7 — l)p, then conservation of energy T.'^'^ = 
will give ap'^ = a^p^, and substitution in (pRpUf) will give 



and 



2 • -/ - 1 ■■ 
a = -d$ + 2- a*, (67) 

7 7 



g_2$^_-^2$) = 87rG'p. (68) 

a 



We also find that f|54f) becomes 



'd + 2a^^ -2a^-2a^ + -Ja = 0. (69) 

Solution of these equations for general 7 is quite difficult. However a solution may easily be 
obtained for two special cases, 7 = 1 and 7 = 2, corresponding to dust- and radiation-filled 
spacetimes respectively. For simplicity we shall henceforth consider only J = c solutions. 

The case 7 = 1 was studied in ||^, but we include the results here in the interests of 
completeness. We find (|67D becomes 

d = 2d<i>, (70) 

and substitution of this in (|69|) gives 

$ - $2 = |, (71) 

with solution 

$(t) = -ln(cos(|t + /3))+<l>o, (72) 

12 



where Q^ = c, and P and $o are constants of integration. If we substitute this solution into 
(frpp, we find that a is given by 

a{t) = -Xtan& + p)+a, (73) 



where A and a are constants, and thus (|6^) imphes po is given by 

Note that we chose a = 1 and /3 = for convenience in the previous paper p|. We see that 
this solution will collapse at 

t,= ^tan-i(^)-/3, (75) 

and as the density varies inversely with a, the density will diverge at the collapse. The 
curvature 

a-Atan(§t + /5) 
also diverges at t^. This collapse is similar that of the cosniological solution of the R=T 
theory 0. However, in contrast to 0, one cannot construct a two-dimensional analogue of 
the FRW cosmology in general relativity using ([73|) , since a vanishes at only one time tc, 
and diverges at finite times both before and after t^- 
In the case 7 = 2 (radiation), (p7|) becomes 



a = d<i) + a$, (77) 

which may be integrated to give 

d = a$ + fi, (78) 

B a constant of integration. If we substitute this in (0), we may obtain 

- 2(d-5)2 1 

a = — + -ca. (79) 

Considering first solutions with i? = 0, we find 

m = - In (cos At + f3)\ + $0, (80) 

13 



a{t) = Asec{--j=t + f3), (81) 

V2 

where $o; P and A are arbitrary constants. This solution obviously does not collapse, and 
corresponds to a universe which is expanding. 

Turning now to the more general case, we may obtain a first integral of ( [79|) by treating 
it as a differential equation for a as a function of a. The implicit solution is 

4-Bw 
Hca' + AB' - ABy) + ^^, ^ ^J_ ^^^ = Ha') + n, (82) 

where y = d(a), and /t is a constant. We can rewrite this in a simpler form by scaling 
a = y/ca/2B, y = y/B, which gives 

ln{a' + l-y) + T^^y— r = Ha') + k (83) 

k a constant. 

We check now for collapsing solutions. If the solution given implicitly by (^) collapses, 
it follows that this equation must be satisfied as a — > 0. Thus, we let a^ = e, y = 1 + e — 5, 
and consider (|83D as e ^ 0. We find (|83|) may be rewritten as 

\n{6) + 1 = ln(e) + fc, (84) 



which implies 



S 



- -e-' = -le-'/' > --, (85) 

e d e 

since xe^ > — 1/e for all x. Thus 

ee'' > e, (86) 

which cannot be satisfied for finite k a.s e —>■ 0. Thus, (^) cannot be satisfied as a — > 0, so 
the solution described by (|83D cannot collapse. 

Alternatively, since (^) implies that d is always positive, collapse is impossible if d is 
initially positive. If d is initially negative but vanishes before the collapse occurs (i.e., for 
a G (0, 1]), collapse is also impossible. Thus, if the initial condition is y(d^ = 1) = yo, then 

k = ln(2 + yo) + — ^ - 1, (87) 

14 



and collapse is possible only if y does not vanish for d^ G (0, 1] (note that y and a do not 
necessarily have the same sign). When ^ = 0, d is given by 

«' = iT^' (88) 

and thus y = for d^ G (0, 1] if e^ > 2, which implies 

2 .g-2/(2+,o) > _i, (89) 



2 + Z/o 
This is true for all yo] therefore collapse is impossible. 

Hence although we are unable to obtain the full solution a{t) for a radiation-filled space- 
time, we have been able to demonstrate such a universe in general cannot collapse. Time- 
reversal invariance therefore implies that the scale factor reaches a minimal value at some 

time t = train- 

VI. CONCLUSIONS 



The above considerations, when combined with the results in refs. |§|,[TT]] on gravitational 
collapse, indicate that the two-dimensional theory of gravity given by the action (^) yields a 
classical theory of gravity which is as rich in structure as the R=T theory proposed earlier 
0. Of course from a classical relativist's viewpoint, the presence of the dilaton introduces 
features which are markedly different from the 'R=T' theory. In the latter case, curvature 
is generated solely by stress-energy which is prescribed from the matter Lagrangian. In 
the string-motivated theory studied here, the dilaton field cannot be decoupled from the 
remaining gravity-matter system: even a vanishing dilaton field imposes constraints on the 
stress energy in addition to those which follow from the conservation laws. Indeed, upon 
reparametrizing the dilaton field so that e~^* = ip, it is easily seen that the action (^ (with 
J = 0) is two dimensional Brans-Dicke theory with u = —1. 

The post-Newtonian expansion is similar to that of general relativity, although the pres- 
ence of the dilaton field introduces some extra complications. In the weak-field approxima- 
tion the trace of the metric perturbation obeys a wave equation, demonstrating the existence 
of gravitational 'radiation' in this theory. The equation of stellar equilibrium was obtained, 
and we saw that in the Newtonian limit, it reduced to a form similar to the Newtonian 
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equation. The Newtonian approximations to this theory were identical to those of apart 
from a factor of two multiplying G. 

The development of the cosmological solution in p| was included. This study shows a 
dust-filled spacetime will collapse in finite proper time for suitable initial conditions, with 
divergent density and curvature, although a solution which collapses cannot have developed 
from an initial singularity, and vice-versa. This solution is the basis for the demonstration 



that the symmetric black hole solution arises from gravitational collapse [§|,|TT[ • In the case 
of a radiation-filled spacetime, we were unable to solve the equations in general, although 
we were able to show that the spacetime never collapses. The collapsing dust solution has 
similarities to the collapsing dust in the R=T theory 0, but the general properties of the 
cosmological solutions are quite different. 
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